and making a set of five assumptions. It appears that the most general solution, when n is greater than 2, is (p~~1S r (p{x) 9 where the integer r is prime to n. The case n = 2 is discussed separately and a simple algorism is given for reducing all differentiable functions of order 2 to a single type. (Read before the American Mathematical Society, February 28, 1914.) THE Legendre, or second necessary, condition for a minimum of a double integral, where there is no isoperimetric condition, has been derived by Kobb,* where the equations of the surfaces involved are in parametric form, and by Mason,f where x and y are the independent variables. The analogous condition for the isoperimetric problem has been proved to be sufficient to insure a permanent sign to the second variation,:! but it has not been proved to be necessary.
In the present paper this condition, hp P (x, y, z, p, q; \) (x, y, z, x u , x v 
is proved to be necessary for either a maximum or a minimum. Given two f unctions ƒ (a:, y, z, p, q) and g(x, y, z y p, q) and a surface S: z = z (x, y) which satisfies the Lagrange differential equation
(1) h, (x, y, z, p, q;X) -^h p (x, y, z, p, q; X) -fy h(x> V> 2, p, q; X) = 0;* it is desired to find a second condition which must be satisfied if the surface S gives a value to the integral (2) J= J J f (x, y, z, p, q) dxdy as small as that given by any other admissible surface in the neighborhood of S. The region O is assumed to be bounded by a curve L of class D',f without double points, and the number of its intersections with any line parallel to either of the axes is assumed to be less than a fixed constant. The function z(x, y) is assumed to be of class C" in 0, as are also the functions ƒ and g in the neighborhood of S. A surface is said to be admissible if it is of class D f , intersects S along a space curve which projects into L, and gives the same value as 8 to the double integral K = J J g (x, y, z, p, q) dxdy.
It will also be assumed that z(x, y) is not a solution of the equation Since the surfaces considered are admissible, ô 2 K, which can be evaluated in the same way, vanishes. If it is multipled by X and added to 8V, and then Green's theorem* is applied, equation (4) It will now be proved that if there is a point on S where the inequality
is satisfied, the function f(x, y, e) can be chosen in such a way that ö 2 J will be negative, and consequently there is no minimum.
If there is such a point there must be a region including the point where inequality (6) is satisfied. Two distinct points Po and Po' in such a region can then be chosen, whose coordinates will be called xo, yo, Z(XQ, yo) and Xo ', yo, z(xo', y 0 f ). Since z(x, y) is not a solution of equation (3), it can be assumed that ft are satisfied at every point of S in a neighborhood of Po'. For convenience these angles will be chosen so that ce 2 -OL\ = ce2 r -ce/. Two rhombuses P and R' will be defined as follows:* R is bounded by the lines The constant d will be taken so small that R and R' do not overlap, and are entirely within the projections on the x, yplane of the respective neighborhoods in which the inequalities (8) and (9) are satisfied. A function f (x, y) will be defined as identically zero outside of R, and inside of R as equal to the distance of the point x, y from the nearest side of R. That is,
where the sign and subscript of u are chosen so as to make f as small as possible. The function Ç'(x, y) will be chosen in the analogous way. Since a* -a\ = a 2 f -a± the rhombuses R and R f are of the same size and shape and the equation
J jj^x > y^dxdy == J J^'fa y) dx<J >y
is satisfied. The function Ç(x, y, e) will now be defined by the equation
«?fo y, e) = ef (x, y) + e'(e)Ç'(x, y)
, where e'(e) is to be determined by the condition that the surfaces S be admissible. The first variation of K is found to be equal to If the mean value theorem is applied to these integrals and the equation is where i takes the values 1 and 2 in the appropriate parts of R and R'. It can now be easily proved that
where M is the largest of the maxima of the numerical values of hzz, h zp and h zq , and A is the area of .R.* Since d and 8 can be taken as small as is desired without affecting k 2 , they can be taken so small that b 2 J will be negative and there is no minimum.
In a similar way it can be proved that there is no maximum if inequality (6) is satisfied, and the following theorem will be proved :
A necessary condition that the surface S furnish either a maximum or a minimum for the double integral (2), relative to the admissible surfaces, is that h pp (x, y, z, p, q; \) h(x, y, z, p, q; X) -h pq 2 (x, y, z, p, q; X) ^ 0, at every point of S.
If the surface S is represented by the parametric equations x(u, v) + e£(u, v, e), y = y(u, v) + erj(u, v, e), z = z(u, v) + eÇ(u, v, e) , the second variation becomes It will now be assumed that there is a function <a (u, v, e) , such that £(u, v, e) = oe (u, v, e)X, rj(u, v, e) = <a(u, v, e) Y, f O, fl, e) = <a (u, v, e) Z.
If these values are substituted in the integrand of equation (11) This equation is in the same form as equation (5), and from this point on the argument is so nearly the same as in the nonparametric case that it need not be repeated here. The analogue of inequality (10) is seen to be H n (x, y, z,x u , --,z v Society, vol. 15 (1914), pp. 135-161. 
